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Abstract
In this paper, the regulating effect of guiding filters on the energies of solitons in wav e-
length division multiplexing (WDM) transmission systems is rigorously studied. More precisely,
it is shown that guiding filters prevent the energies of solitons from decaying to zero in long dis-
tances. This goal is achieved by studying a mathematical model of the evolution of energies of
solitons in transmission systems. The approach is mathematical and does not use numerical or
experimental results available in the literature; nevertheless, it reaffirms such results.
Keywords: Soliton wav e-length division multiplexing (WDM) transmission systems, Guiding
filters, Soliton energies, Nonlinear dynamical systems, Lyapunov’s linearization method.
1. Introduction
In multi-channel wav e-length division multiplexing (WDM) transmission systems, due to
the variation of amplifier gain with the wav elength, it is impossible to maintain the energies of
transmitted signals in different channels almost equal. The differences of energies of signals can
grow significantly large when the transmission length increases. For instance, the energies of
signals in some channels tend to zero in long distances.
The problem of different energies of signals and decaying of some of them to zero in long
distances can be overcome by guiding filters. Guiding filters are commonly used to suppress
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Gordon-Haus jitter and other noise effects in soliton transmission systems; see, e.g., Refs. [1-8]
and references therein. Such filters can also counter the effects of variable amplifier gain and
regulate the energies of solitons in channels of a soliton transmission system. It has been demon-
strated by numerical simulation and observed experimentally that guiding filters provide a feed-
back mechanism that locks the energies of solitons in different channels to fixed values that do
not change with distance, even in the presence of large amplifier gain variations; see Refs. [5, 8].
Roughly speaking, guiding filters provide a loss that is proportional to the soliton energy. There-
fore, if the soliton energy increases due to an increase in the channel amplifier gain, then the loss
increases in order to limit the soliton energy growth. On the other hand, for a channel with small
gain, the loss drops, and hence the soliton energy does not decay. The regulating effect of guid-
ing filters has played a key role in successful error free soliton WDM transmission over trans-
oceanic distances; see, e.g., Refs. [6-8].
In this paper, the regulating effect of guiding filters in preventing the energies of solitons
from decaying to zero in long distances is studied rigorously. In other words, results from
numerical studies and experimental observations by researchers that show the success of guiding
filters are all proved mathematically in this paper. The organization of the paper is as follows. In
Section 2, models of the evolution of energies of solitons in a soliton WDM transmission system
are presented. In Section 3, transmission of solitons in the absence of guiding filters is studied.
It is shown that the energies of solitons in all channels, except in one, tend to zero in long dis-
tances. In Section 4, it is shown that when guiding filters are used the energies of solitons in all
channels remain positive in long distances.
2. Mathematical Models
In this section, mathematical models of the evolution of energies of solitons in a soliton
WDM transmission system with n channels are presented. These models have been studied by
numerical simulation and experimentally in Refs. [5, 8].
Let Wi denote the soliton pulse energy in the i-th channel for an i = 1, 2, . . .  , n when
guiding filters are used. The energy loss of the soliton due to the guiding filter in the i-th chan-
nel is a monotonically increasing function of Wi/Di , where Di denotes the path-average dis-
persion; see, e.g., Ref. [7]. This function is denoted by fi . For Gaussian filters, fi is a
quadratic function of Wi/Di . For shallow etalon filters, which are widely used in practice, fi
is a linear function given by
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fi(
Wi
Di
) =
si Wi
Di
, (2.1)
where si > 0  is a constant real number for all i = 1, 2, . . .  , n . The evolution of
W1, W2, . . .  , Wn with respect to distance z can be represented by the following coupled non-
linear ordinary differential equations (Refs. [5] and [8, pp. 142-144]):
dW1
dz
=
g1 W1
1 + C (W1 + W2 + . . . + Wn)
− l1 W1 −
s1 W21
D1
, W1(0) = W10 > 0 , (2.2.1)
dW2
dz
=
g2 W2
1 + C (W1 + W2 + . . . + Wn)
− l2 W2 −
s2 W22
D2
, W2(0) = W20 > 0 , (2.2.2)
..
.
dWn
dz
=
gn Wn
1 + C (W1 + W2 + . . . + Wn)
− ln Wn −
sn W2n
Dn
, Wn(0) = Wn0 > 0 , (2.2.n)
for all z ∈ [0, z f ] ,  where z f is the length of the transmission system. In (2.2), parameters
gi > 0  and li > 0  are constant real numbers for all i = 1, 2, . . .  , n , which denote, respectively,
the small-signal gain rate and the linear loss rate in the i-th channel, and
C =
m R
Psat
, (2.3)
is a constant positive real number, where m > 0  is the mark-to-space ratio (usually 0. 5), R > 0
is the per-channel bit rate, and Psat > 0  is the saturation power of the amplifier. In (2.2), the
positive real number Wi0 denotes the initial condition of Wi for an i = 1, 2, . . .  , n . The last
terms on the right-hand sides of (2.2) are due to guiding filters.
In the absence of guiding filters, a set of equations other than (2.2) describes the evolution
of energies of solitons. Let Vi denote the soliton pulse energy in the i-th channel for an
i = 1, 2, . . .  , n when guiding filters are not used. The evolution of V1, V2, . . .  , Vn with respect
to distance z can be represented by the following coupled nonlinear ordinary differential equa-
tions:
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dV1
dz
=
g1 V1
1 + C (V1 + V2 + . . . + Vn)
− l1 V1 , V1(0) = V10 > 0 , (2.4.1)
dV2
dz
=
g2 V2
1 + C (V1 + V2 + . . . + Vn)
− l2 V2 , V2(0) = V20 > 0 , (2.4.2)
..
.
dVn
dz
=
gn Vn
1 + C (V1 + V2 + . . . + Vn)
− ln Vn , Vn(0) = Vn0 > 0 , (2.4.n)
where parameters gi and li are the same as those in (2.2) for all i = 1, 2, . . .  , n , the constant
number C is the same as that in (2.3), and the positive real number Vi0 denotes the initial con-
dition of Vi for an i = 1, 2, . . .  , n .
Both systems (2.2) and (2.4) share the following important property, which is obvious
from the physical point of view, but can be established mathematically.
Theorem 2.1: The soliton pulse energy Wi(z) (respectively, Vi(z)) in system (2.2)
((2.4)) is non-negative for all z ∈ [0, z f ] and i = 1, 2, . . .  , n .
Proof: The right-hand side of (2.2.i) (respectively, (2.4.i)) is zero at Wi = 0 (Vi = 0) for
all i = 1, 2, . . .  , n . Thus, by Proposition 1.1 in Ref. [9, p. 21], the proof follows.
The steady-state values of Wi(z) and Vi(z) for all i = 1, 2, . . .  , n are of great interest as
the transmission length increases. Therefore, it is assumed that the transmission length is
infinitely large; that is, z f → ∞ . With this assumption and Theorem 2.1, systems (2.2) and
(2.4) can be regarded as dynamical systems whose trajectories are in the positive orthant IRn+ .
The steady-state values, or the equilibrium points of systems (2.2) and (2.4), are points in IRn+ ,
denoted, respectively, by
W* : = (W*1 , W*2, . . .  , W*n) ∈ IRn+ , (2.5a)
V* : = (V*1 , V*2, . . .  , V*n) ∈ IRn+ , (2.5b)
which render the right-hand sides of (2.2) and (2.4) zero.
A definition to be used in the following sections is now giv en.
Definition 2.2: An equilibrium point of system (2.2) or system (2.4) is called a type-k
equilibrium point for an integer 1 ≤ k ≤ n , when only k of its coordinates are positive (and the
rest of them are zero).
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Up to this point, two nonlinear dynamical systems (2.4) and (2.2) were presented that,
respectively, describe the evolution of energies of solitons in transmission systems in the absence
and presence of guiding filters. The equilibrium points of these systems represent the energies of
solitons in long distances. Therefore, it is important to know which equilibrium points can be
attained by systems (2.4) and (2.2). In the next two sections, these points are carefully studied.
3. Transmission in the Absence of Guiding Filters
In this section, transmission of solitons in an n-channel system in the absence of guiding
filters is studied via (2.4). More precisely, the soliton pulse energies in channels in long dis-
tances are studied. As it was stated earlier, such energies are the equilibrium points of system
(2.4). These points are first obtained and then it is determined whether they are stable. In the
following, θ n denotes the origin in IRn+ , which is a point whose coordinates are all zero.
3.1. Equilibrium Points
It is first noted that the origin is an equilibrium point of system (2.4).
Fact 3.1: The origin θ n ∈ IRn+ is an equilibrium point of system (2.4).
Proof: Obvious.
Next, it is shown that system (2.4) has at most n type-1 equilibrium points.
Fact 3.2: If for any i = 1, 2, . . .  , n , the ratio
gi
li
> 1  , (3.1)
then system (2.4) has a type-1 equilibrium point at
E*i =
0, . . . , 0,
1
C
(
gi
li
− 1), 0, . . .  , 0 ∈ IRn+ , (3.2)
where the i-th coordinate is positive.
Proof: The point E*i in (3.2) renders the right-hand sides of (2.4) zero. Thus, E*i is an
equilibrium point, where by (3.1), its i-th component is positive.
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Remark: Condition (3.1) implies that the gain rate is larger than the loss rate in the i-th
channel. This condition can hold for any number of channels. That is, there can be as many
type-1 equilibrium points as there are channels for which (3.1) holds - at most n such points.
System (2.4) can possibly have type-k equilibrium points for any 2 ≤ k ≤ n ; they are
given in the following.
Fact 3.3: For system (2.4), without loss of generality, assume that
g1
l1
=
g2
l2
= . . . =
gk
lk
> 1  , (3.3)
where 2 ≤ k ≤ n . System (2.4) has type-k equilibrium points at
V* = (V*1 , V*2, . . .  , V*k, 0, . . .  , 0) ∈ IRn+ , (3.4)
where V*1 , V*2, . . .  , V*k are any positive real numbers satisfying
V*1 + V*2 + . . . + V*k =
1
C
(
g1
l1
− 1) =
1
C
(
g2
l2
− 1) = . . . =
1
C
(
gk
lk
− 1) > 0 .  (3.5)
Proof: The points V* in (3.4), whose coordinates satisfy (3.5), render the right-hand
sides of (2.4) zero. Thus, they are equilibrium points.
Remarks: 1) If (3.3) holds for k = n , then the equilibrium points in (3.4) have all their
coordinates positive. It is desirable to attain such an equilibrium point since positive coordinates
imply positive steady-state soliton energies in all channels.
2) Condition (3.3) requires that the ratios of the gain rates to the loss rates to be the same
for some (or all) channels. In practice, (3.3) does not hold. Thus, type-k equilibrium points for
all 2 ≤ k ≤ n do not exist. If (3.3) did hold, then there would have been uncountably many
(non-isolated) equilibrium points
Up to this point, the equilibrium points of system (2.4) were obtained. Next, the stability
of these points is studied.
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3.2. Stability of Equilibrium Points
In studying the stability of equilibrium points of systems, the following technique is com-
monly used. The local stability and instability of an equilibrium point of a system is decided
upon by the eigenvalues of the Jacobian matrix of the system at that equilibrium point. If all
eigenvalues of the Jacobian matrix have neg ative real parts, then the equilibrium point is locally
asymptotically stable. If at least one eigenvalue has positive real part, then the equilibrium point
is unstable. If at least one eigenvalue of the Jacobian matrix at an equilibrium point of the sys-
tem has zero real part, then the stability of that point cannot be decided upon. This technique is
based on Lyapunov’s linearization method; see, e.g., Ref. [9, pp. 213-214] or Ref. [10, Chap. 4].
Using the Jacobian matrix, it is first shown that θ n cannot be attained in practice.
Theorem 3.4: If gi > li for an i = 1, 2, . . .  , n (respectively, gi < li for all
i = 1, 2, . . .  , n), then the origin θ n is an unstable (a locally asymptotically stable) equilibrium
point of system (2.4).
Proof: The Jacobian matrix of system (2.4) at θ n is obtained as:
J(θ n) = diag [g1 − l1 , g2 − l2 , . . .  , gn − ln] ∈ IRn x n . (3.6)
From (3.6), the proof follows.
Remark: Since in practice, for at least one channel the gain rate is larger than the loss
rate, by Theorem 3.4, the soliton pulse energies in all channels do not tend to zero.
The stability of type-1 equilibrium points in (3.2) is studied next.
Theorem 3.5: Consider system (2.4). For an integer 1 ≤ i* ≤ n , let
gi*
li*
> 1  . (3.7)
Furthermore, let gi*/li* be the largest ratio, that is,
gi*
li*
>
gi
li
, (3.8)
for all i ∈ { 1, 2, . . .  , n }\ i* . The type-1 equilibrium point
E*i* =
0, . . . , 0,
1
C
(
gi*
li*
− 1), 0, . . .  , 0 ∈ IRn+ , (3.9)
-8-
whose i*-th coordinate is positive, is locally asymptotically stable, and all other type-1 equilib-
rium points are unstable.
Proof: The Jacobian matrix of system (2.4) at E*i* is obtained as:
J(E*i*) =

J11
Θ
J12
J22

∈ IRn x n , (3.10)
where Θ is the (n − i*) x i* zero matrix and
J11 =

d1
0
..
.
0
ai*
0
d2
..
.
0
ai*
. . .
. . .
..
.
. . .
. . .
0
0
..
.
di*−1
ai*
0
0
..
.
0
ai*

∈ IRi* x i* , J12 =

0
0
..
.
0
ai*
0
0
..
.
0
ai*
. . .
. . .
..
.
. . .
. . .
0
0
..
.
0
ai*

∈ IRi* x (n−i*) , (3.11a)
J22 = diag[di*+1 , . . .  , dn] ∈ IR(n−i
*) x (n−i*) , (3.11b)
with
ai* = − li*
 1 −
li*
gi*
 , (3.12)
and
di = gi

li*
gi*
−
li
gi
 , (3.13)
for all i ∈ { 1, 2, . . .  , n }\ i* .
Clearly, the eigenvalues of J(E*i*) are ai* and di for all i ∈ { 1, 2, . . .  , n }\ i* . By
(3.7) and (3.8), these eigenvalues are negative. Hence, E*i* is locally asymptotically stable.
For an integer 1 ≤ j ≤ n , where j ≠ i* , let g j/l j > 1  . By Fact 3.2, the following point is
also an equilibrium point of system (2.4):
E*j =
0, . . . , 0,
1
C
(
g j
l j
− 1), 0, . . .  , 0 ∈ IRn+ , (3.14)
where the j-th coordinate is positive.
The Jacobian matrix of system (2.4) at E*j is obtained as:
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J(E*j) =

K11
Θ
K12
K22

∈ IRn x n , (3.15)
where Θ is the (n − j) x j zero matrix and
K11 =

δ1
0
..
.
0
α j
0
δ2
..
.
0
α j
. . .
. . .
..
.
. . .
. . .
0
0
..
.
δ j−1
α j
0
0
..
.
0
α j

∈ IR j x j , K12 =

0
0
..
.
0
α j
0
0
..
.
0
α j
. . .
. . .
..
.
. . .
. . .
0
0
..
.
0
α j

∈ IR j x (n− j) , (3.16a)
K22 = diag[δ j+1 , . . .  , δ n] ∈ IR(n− j) x (n− j) , (3.16b)
with
α j = − l j
 1 −
l j
g j
 , (3.17)
and
δ i = gi

l j
g j
−
li
gi
 , (3.18)
for all i ∈ { 1, 2, . . .  , n }\ j .
The eigenvalues of J(E*j) are α j and δ i for all i ∈ { 1, 2, . . .  , n }\ j . Since by (3.8),
gi*/li* > g j/l j , the eigenvalue δ i* is positive. Hence, E*j is unstable.
Remark: Theorem 3.5 provides a simple procedure by which the evolution of energies of
solitons in different channels in the absence of guiding filters is determined. This procedure con-
sists of straightforward computation of the ratios of the gain rates to the loss rates for all chan-
nels. The channel, for which this ratio is larger than one and is the largest as well, achieves a
positive steady-state soliton energy while the energies of solitons in all other channels tend to
zero (survival of the strongest).
In Ref. [5, 8], the evolution of energies of solitons in channels is studied numerically by
simulating system (2.4) when n = 3 .  The simulation results, when guiding filters are not used,
are depicted in Fig. 2 of Ref. [5] or Fig. 5.13 of Ref. [8, p. 144]. From these figures, it is evident
that the energies of solitons in two channels tend to zero, while the soliton energy in one channel
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increases and settles at a positive value. Such a behavior is certainly predicted and justified by
Theorem 3.5.
Finally, the stability of equilibrium points in (3.4) is studied.
Theorem 3.6: Consider system (2.4) and let (3.3) hold. The stability of any type-k equi-
librium point of system (2.4) given in (3.4) for all 2 ≤ k ≤ n cannot be decided upon by the
eigenvalues of the Jacobian matrix of system (2.4) at that equilibrium point.
Proof: The Jacobian matrix of system (2.4) at V* in (3.4) is obtained as:
J(V*) =

L11
Θ
L12
L22

∈ IRn x n , (3.19)
where Θ is the (n − k) x k zero matrix and
L11 = C

−
l21 V*1
g1
−
l22 V*2
g2
..
.
−
l2k V*k
gk
−
l21 V*1
g1
−
l22 V*2
g2
..
.
−
l2k V*k
gk
. . .
. . .
..
.
. . .
−
l21 V*1
g1
−
l22 V*2
g2
..
.
−
l2k V*k
gk

∈ IRk x k , (3.20a)
L12 = C

−
l21 V*1
g1
−
l22 V*2
g2
..
.
−
l2k V*k
gk
−
l21 V*1
g1
−
l22 V*2
g2
..
.
−
l2k V*k
gk
. . .
. . .
..
.
. . .
−
l21 V*1
g1
−
l22 V*2
g2
..
.
−
l2k V*k
gk

∈ IRk x (n−k) , (3.20b)
L22 = diag

gk+1
g1/l1
− lk+1,
gk+2
g1/l1
− lk+2, . . .  ,
gn
g1/l1
− ln

∈ IR(n−k) x (n−k) . (3.20c)
The first k columns of J(V*) are identical. Thus, the rank of J(V*) is n − k + 1 and k − 1
of its eigenvalues are zero. Hence, the local stability of the equilibrium point (3.4) cannot be
decided upon.
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Remark: Theorem 3.6 establishes the fact that the local stability of type-k equilibrium
points of system (2.4) for all 2 ≤ k ≤ n cannot be decided upon easily. There is, however, no
need to try other techniques hoping to possibly establish the stability of such points. As it was
reasoned earlier, due to condition (3.3), type-k equilibrium points for all 2 ≤ k ≤ n do not exist
in practice.
Up to this point, system (2.4) was studied. This system represents the evolution of soliton
pulse energies in an n-channels WDM transmission system when guiding filters are not used. It
was shown that system (2.4) has only one stable type-1 equilibrium point. All coordinates of this
point are zero, except one which is positive. Therefore, in the WDM transmission system, the
energies of solitons in all channels, except in one, tend to zero in long distances. This is certainly
an undesirable situation. The desirable situation is when system (2.4) has at least one stable
type-n equilibrium point. In this case, the energies of solitons in all channels remain positive
ev en in long distances. However, type-n equilibrium points do not exist for system (2.4),
because the unrealistic condition (3.3) does not hold in practice.
Here is where guiding filters can enter as remedy. It is shown in the next section that guid-
ing filters can indeed keep the energies of solitons positive in all channels of a WDM transmis-
sion system even in long distances.
4. Transmission in the Presence of Guiding Filters
The success of guiding filters in transmitting solitons while keeping their energy positive
in long distances is shown in this section. When guiding filters are used, the soliton pulse ener-
gies in channels of a WDM transmission system in long distances are the equilibrium points of
system (2.2). In this section, these points are first obtained and then their stability is studied.
4.1. Equilibrium Points
It is first noted that the origin is an equilibrium point of system (2.2).
Fact 4.1: The origin θ n ∈ IRn+ is an equilibrium point of the system (2.2).
Proof: Obvious.
System (2.2) can have many type-k equilibrium points for an integer 1 ≤ k ≤ n . A type-k
equilibrium point of system (2.2) in IRn+ has k positive coordinates Wi1
*, Wi2
*, . . .  , Wik
* , where
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each subscript i1, i2, . . .  , ik assumes all values 1, 2, . . .  , n , while
i1 < i2 < . . .  < ik . (4.1)
Any possible sets of i1, i2, . . .  , ik is denoted by
I = { i1, i2, . . .  , ik } .  (4.2)
An example is now giv en to illustrate how many non-trivial equilibrium points are possible
for system (2.2).
Example 4.2: For n = 3 ,  all possible non-trivial equilibrium points of system (2.2) and
sets I are
W* = (W*1 , 0, 0) , I = { 1  } , (4.3.1)
W* = (0, W*2, 0) , I = { 2  } , (4.3.2)
W* = (0, 0, W*3) , I = { 3  } , (4.3.3)
W* = (W*1 , W*2, 0) , I = { 1, 2  } , (4.3.4)
W* = (W*1 , 0, W*3) , I = { 1, 3  } , (4.3.5)
W* = (0, W*2, W*3) , I = { 2, 3  } , (4.3.6)
W* = (W*1 , W*2, W*3) , I = { 1, 2, 3  } . (4.3.7)
Clearly, there is possibly a unique type-3 equilibrium point.
An assumption is now made. This assumption holds in practice.
Assumption 4.3: It is assumed that
gi
∆
− li > 0 , (4.4)
for all i ∈ I , where I is every possible set given by (4.2), and
∆ =
1
2


 1 − C i ∈ IΣ
Di li
si
 +

 1 − C i ∈ IΣ
Di li
si

2
+ 4C
i ∈ I
Σ
Di gi
si

1/2 
 . (4.5)
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The positive coordinates of type-k equilibrium points are now determined.
Fact 4.4: Consider a set I given by (4.2). If
i ∈ I
Σ
Di(li − gi)
si
< 0 , (4.6)
then the positive coordinate of type-k equilibrium points for an i ∈ I is given by
W*i =
Di
si

gi
∆
− li
 , (4.7)
where ∆ is that defined in (4.5).
Proof: From (2.2), it follows that at an equilibrium point
gi W*i
1 + C
i ∈ I
Σ W*i
− l*i W*i −
si W*i
2
Di
= 0 ,  (4.8)
for all i ∈ I . From (4.8), it is follows that
Di gi/si
1 + C
i ∈ I
Σ W*i
=
Di li
si
+ W*i , (4.9)
for all i ∈ I . Summing the left- and right-hand sides of (4.9) for all i ∈ I , it is concluded that
i ∈ I
Σ Di gi/si
1 + C
i ∈ I
Σ W*i
=
i ∈ I
Σ
Di li
si
+
i ∈ I
Σ W*i . (4.10)
From (4.10), the following quadratic equation is obtained:
C(
i ∈ I
Σ W*i )2 +
 1 + C i ∈ IΣ
Di li
si
  i ∈ IΣ W*i  + i ∈ IΣ
Di(li − gi)
si
= 0 .  (4.11)
By inequality (4.6), (4.11) has a unique positive solution for
i ∈ I
Σ W*i . This solution is given by
i ∈ I
Σ W*i =
1
2C

 −
 1 + C i ∈ IΣ
Di li
si
 +

 1 − C i ∈ IΣ
Di li
si

2
+ 4C
i ∈ I
Σ
Di gi
si

1/2 
 .
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(4.12)
Substituting
i ∈ I
Σ W*i from (4.12) into (4.9) and using Assumption 4.3, the proof follows.
Remarks: 1) A condition under which inequality (4.6) holds is
gi
li
> 1  , (4.13)
for all i ∈ I .
2) System (2.2) has a unique type-n equilibrium point. This point is of great importance
since it corresponds to nonzero soliton pulse energies in all channels of a WDM transmission
system in long distances.
Up to this point, the equilibrium points of system (2.2) were computed. Next, the stability
of these points is studied. The important result to be established in the following is that only the
unique type-n equilibrium point of system (2.2) is stable. This is certainly a very desirable situa-
tion since it guarantees that the energies of solitons in all channels of a transmission system
remain positive in long distance. The realization of this situation is due to guiding filters.
4.2. Stability of Equilibrium Points
In studying the stability of equilibrium points of system (2.2), three sets of such points are
considered: (i) the origin θ n ; (ii) type-k equilibrium points for all 1 ≤ k ≤ n −1 ; (iii) the unique
type-n equilibrium point.
Using the Jacobian matrix, it is first shown that θ n cannot be attained in practice.
Theorem 4.5: If gi > li for an i = 1, 2, . . .  , n (respectively, gi < li for all
i = 1, 2, . . .  , n), then the origin θ n is an unstable (a locally asymptotically stable) equilibrium
point of system (2.2).
Proof: The proof is similar to that of Theorem 3.4, except that now the Jacobian matrix of
system (2.2) is computed at θ n . This matrix turns out to be identical to that in (3.6). Thus, the
proof follows.
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Remark: Since in practice, for at least one channel the gain rate is larger than the loss
rate, by Theorem 4.5, the soliton pulse energies in all channels do not tend to zero.
Before studying the stability of other equilibrium points of system (2.2), a useful result is
established.
Lemma 4.6: Consider the matrix
A =

− a1 − b1
− a2
..
.
− ak
− a1
− a2 − b2
..
.
− ak
. . .
. . .
..
.
. . .
− a1
− a2
..
.
− ak − bk

∈ IRk x k , (4.14)
where ai > 0  and bi > 0  for all i = 1, 2, . . .  , k . All eigenvalues of A have neg ative real
parts.
Proof: The following positive definite diagonal matrix is chosen:
P = diag

1
a1
,
1
a2
, . . .  ,
1
ak

∈ IRk x k . (4.15)
With this choice, it follows that
AT P + PA = − 2 Q , (4.16)
where
Q =

1 +
b1
a1
1
..
.
1
1
1 +
b2
a2
..
.
1
. . .
. . .
..
.
. . .
1
1
..
.
1 +
bk
ak

∈ IRk x k . (4.17)
Starting form the (1 , 1)-element of the matrix Q , the principal minors of Q can be computed.
The j-th principal minor for a j = 1, 2, . . .  , k is
pi j =

b1
a1
 
b2
a2
 . . . 
b j
a j
 
a1
b1
+
a2
b2
+ . . . +
a j
b j
+ 1  . (4.18)
Since pi j > 0  for all j = 1, 2, . . .  , k , the matrix Q is positive definite. Therefore, by Theorem
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42 in Ref. [10, p. 199] or Theorem 1.2 in Ref. [12, p. 6], all eigenvalues of A have neg ative real
parts.
The stability of type-k equilibrium points for all 1 ≤ k ≤ n −1 is now studied.
Theorem 4.7: For any integer 1 ≤ k ≤ n −1 , all type-k equilibrium points of system (2.2)
are unstable.
Proof: For a  1 ≤ k ≤ n −1 , without loss of generality, let system (2.2) have a type-k equi-
librium point whose first k coordinates are positive. That is, let the equilibrium point be
W* = (W*1 , W*2, . . .  , W*k, 0, . . .  , 0) ∈ IRn+ . (4.19)
The Jacobian matrix of system (2.2) at W* is obtained as:
J(W*) =

M11
Θ
M12
M22

∈ IRn x n , (4.20)
where Θ is the (n − k) x k zero matrix and
M11 =

−
Cg1W*1
∆2
−
s1W*1
D1
−
Cg2W*2
∆2
..
.
−
CgkW*k
∆2
−
Cg1W*1
∆2
−
Cg2W*2
∆2
−
s2W*2
D2
..
.
−
CgkW*k
∆2
. . .
. . .
..
.
. . .
−
Cg1W*1
∆2
−
Cg2W*2
∆2
..
.
−
CgkW*k
∆2
−
skW*k
Dk

∈ IRk x k , (4.21a)
M12 =

−
Cg1W*1
∆2
−
Cg2W*2
∆2
..
.
−
CgkW*k
∆2
−
Cg1W*1
∆2
−
Cg2W*2
∆2
..
.
−
CgkW*k
∆2
. . .
. . .
..
.
. . .
−
Cg1W*1
∆2
−
Cg2W*2
∆2
..
.
−
CgkW*k
∆2

∈ IRk x (n−k) , (4.21b)
M22 = diag 
gk+1
∆
− lk+1 ,
gk+2
∆
− lk+2 , . . .  ,
gn
∆
− ln  ∈ IR
(n−k) x (n−k) , (4.21c)
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and ∆ is that in (4.5) for I = { 1, 2, . . .  , k } .
Clearly, the eigenvalues of J(W*) are those of M11 and M22 . By Assumption 4.3, all
eigenvalues of M22 are positive. (Note that by Lemma 4.6, all eigenvalues of M11 have neg-
ative real parts, although, this information is not necessary for the proof.) Therefore, W* is an
unstable equilibrium point of system (2.2).
Finally, the stability of the unique type-n equilibrium point of system (2.2) is established.
Theorem 4.8: The unique type-n equilibrium point of system (2.2) is locally asymptoti-
cally stable.
Proof: The coordinates of the unique type-n equilibrium point of system (2.2) are all posi-
tive. That is, the equilibrium point has the following form:
W* = (W*1 , W*2, . . .  , W*n) ∈ IRn+ . (4.22)
The Jacobian matrix of system (2.2) at W* is obtained as:
J(W*) =

−
Cg1W*1
∆2
−
s1W*1
D1
−
Cg2W*2
∆2
..
.
−
CgnW*n
∆2
−
Cg1W*1
∆2
−
Cg2W*2
∆2
−
s2W*2
D2
..
.
−
CgnW*n
∆2
. . .
. . .
..
.
. . .
−
Cg1W*1
∆2
−
Cg2W*2
∆2
..
.
−
CgnW*n
∆2
−
snW*n
Dn

∈ IRn x n .(4.23)
By Lemma 4.6, all eigenvalues of J(W*) hav e negative real parts. Hence, W* is locally
asymptotically stable.
Theorem 4.8 shows the success of guiding filters in keeping the energies of solitons posi-
tive in all channels of a transmission system in long distances. Nevertheless, this theorem
presents a local stability result. Attempts to prove the global stability of the unique type-n equi-
librium point of system (2.2) have been unsuccessful. However, in the following, it is proved
that the solution of system (2.2) remains bounded.
Theorem 4.9: The solution of system (2.2) is bounded. More precisely, trajectories corre-
sponding to the solutions while traverse in the positive orthant IRn+ remain inside or on the ellip-
soid given by
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W21
g1 D1/s1
+
W22
g2 D2/s2
+ . . . +
W2n
gn Dn/sn
=
1
C
. (4.24)
Proof: By Theorem 2.1, trajectories corresponding to the solutions of system (2.2) are in
the positive orthant. However, they remain bounded as it is proved in the following. Consider
the function E : IRn → IR+ given by
E(z) = W1(z)/g1 + W2(z)/g2 + . . . + Wn(z)/gn , (4.25)
for all z ∈ [0, z f = ∞ ) .  By Theorem 2.1, E(. ) is a non-negative function. The derivative of
E(. ) along the solution of system (2.2) is
dE
dz
=
W1 + W2 + . . . + Wn
1 + C (W1 + W2 + . . . + Wn)
−

l1
g1
W1 +
l2
g2
W2 + . . . +
ln
gn
Wn

−

W21
g1 D1/s1
+
W22
g2 D2/s2
+ . . . +
W2n
gn Dn/sn
 . (4.26)
By Theorem 2.1: (i)
n
i = 1
Σ Wi ≥ 0 ,  and hence the first term on the right-hand side of (4.26) is less
than or equal to 1/C ; (ii) the second term of (4.26) is non-positive. Thus,
dE
dz
≤
1
C
−

W21
g1 D1/s1
+
W22
g2 D2/s2
+ . . . +
W2n
gn Dn/sn
 . (4.27)
Clearly, dE/dz < 0  for all points outside the ellipsoid in (4.24). Thus, trajectories correspond-
ing to the solutions of system (2.2) remain inside or on the ellipsoid.
5. Conclusions
In this paper, the regulating effect of guiding filters on the energies of solitons in multi-
channel wav e-length division multiplexing (WDM) transmission systems was rigorously studied.
This study was based on two mathematical models that represent the evolution of energies of
solitons in channels of transmission systems in the absence and presence of guiding filters. The
models are nonlinear dynamical systems whose states are the energies of solitons. Using tech-
niques from the theory of dynamical systems, it was first shown that in the absence of guiding
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filters the energies of solitons cannot remain nonzero in long distances, and all, except one of
them, tend to zero. In the presence of guiding filters, however, it was proved that in all transmis-
sion channels the energies of solitons remain positive in long distances. The results of this paper
are rigorous mathematical justifications of numerical and experimental results available in the lit-
erature.
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